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Outline of talks

1. Compact quantum subgroups and invariant
C*-subalgebras. Introduction

2. Compact quantum subgroups of a co-amenable quantum
group are co-amenable

3. Correspondence between compact quantum subgroups
and invariant C*-subalgebras



C*-algebraic quantum groups

A (locally compact) quantum group is a C*-algebra A with

» co-multiplication I': a non-degenerate x-homomorphism
N A— M(A® A) such that

(denlr=(reid)r (co-associativity);
spanT(A)(A®1)=spanT(A)(1®A) =AR A
» left Haar weight: a faithful, KMS-weight ¢ on A such that
o((w@id)l(a)) =w(1)p(a) (weAi,ac A, ¢(a) <o)

(left invariance); right Haar weight ) on A.

Using the von Neumann algebraic definition with
G = (L>(G),T, ¢,v),

A= {(id ® w)W; B(L3(G)). }”'”

where W is the left multiplicative unitary of G.



Commutative case G = G

Let G be a locally compact group.
> A= GCo(G)
» For f € Cy(G) and s, t € G,

[(f)(s,t) = f(st).

Note that I'(f) € C(G x G) = M(Cy(G) @ Co(G)).
» ¢ = integration w.r.t. the left Haar measure
» ¢ = integration w.r.t. the right Haar measure



~

Co-commutative case G = G
Let \ be the left regular representation of G on L?(G):
A =&(s7) (£€L¥(G). st G).

Integration gives a representation of L'(G):

A(f):/Gf(s)A(s)ds (f e L'(G)).

> A=Ci(G) = AL'(G)) " CB(LA(G))
» The co-multiplication I': C;(G) — M(C;(G) @ C;(G))
is determined by

F(A(S)) = A(S) @ A(S) (s€@).

» ¢ = 1) is the Plancherel weight



Compactness

A quantum group (A, ") is compact if the C*-algebra A is unital.

A commutative quantum groups Cy(G) is compact iff G is a
compact group.

A co-commutative quantum group C;(G) is compact iff G is
discrete.



Subgroups

Let H be a closed subgroup of a locally compact group G.
Dualising H — G gives a surjection

7: Co(G) — Co(H), =(f)=fly  (f€Co(G)).

Now Cy(H) is a quantum group in its own right and
(r@m)fg="Tym,

ie, (Tgh)|HxH = TH(f|R) for every f € Co(G).



Definition of quantum subgroup

We say that a triple (B, g, 7) is a quantum subgroup of (A, T 4)
if (B,T'g) is a quantum group and

m A— B
is a surjective x-homomorphism such that

(m@m)Fa=Tgm.



Examples in the co-commutative case

Let G be an amenable locally compact group and H be a
closed normal subgroup of G. Define Q: L'(G) — L'(G/H) by

Qf(sH):/ f(shydh  (fel'(G), s€ G).
H

The map Q induces a surjective x-homomorphism
p: C*(G) — C*(G/H).

The triple (C*(G/H), T g/H, p), Where g,y is the natural
co-multiplication of C*(G/H), is a quantum subgroup of C*(G).



Us(2)

Let g € [-1,1], g # 0. Uy(2) is the universal C*-algebra
generated by elements a, ¢, v that satisfy

av =va cv=vc c'c=cc”
ac = qca ac* = qc*a Vv =w"=1
a‘a+ c'c=aa*+ g°cc* = 1.

The quantum group structure of Ugy(2) is determined by

Na)=a®a—-qc'viec
Ne)=cwa+aviec rv)=vev



Quantum subgroups of Uy(2)

The quantum group Uy(2) may be represented as a twisted
product SUy(2) x, U(1) [Wysoczansky 04]

Quantum groups SUq(2) %, Zp are quantum subgroups of
Uq(2).

Also T? is a quantum subgroup of Ug(2): map a — wjy, ¢ — 0,
v — W» where wy and w, are commuting, unitary generators of
C(T?).

Taking in count the closed subgroups of T2, these are all the
non-trivial quantum subgroups of Ug(2)
[Franz—Skalski—Tomatsu 09]



(Haar) idempotent states

A state p of Ais an idempotent state if

def
porpn S (e p)l = p.

If (B,Tg, ) is a compact quantum subgroup of A and h is the
Haar state of B, then hr is an idempotent state of A.

Unlike in the commutative case, not all idempotent states come
from Haar states of compact quantum subgroups.

For more on idempotent states and their relation to subgroups
see the work of Franz, Skalski, Tomatsu.



Takesaki—Tatsuuma 71, Lau—Losert '90

L>=(G)

convolution ( /Epointwise

L'(G)

VN(G)
pointwise f \ convolution

A(G)

X is a submodule that is closed self-adjoint subalgebra

in L>°(G)
in VN(G)
inL'(G)
in A(G)

in Co(G)
in C*(G)

iff
iff
iff
iff

iff
iff

X = L>®(G/H),
X = VN(H),
X =L'(H),
X = A(G/H),

X = Co(G/H),
X = C*(H),

H closed subgroup [TT]
H closed subgroup [TT]
H open subgroup [TT]
H compact subgroup [TT]

H compact subgroup [LL]
H open subgroup (G amenable)



The result of Lau and Losert

Let G be a locally compact group. The left and the right
translation of f € Cy(G):

Lsf(t) = f(st), Rsf(t) = f(ts).
X C Cy(G) is left invariant if Lsf € X forevery f € X, s € G.

Theorem (Lau—Losert '90)

There is a one-to-one correspondence between
non-zero left invariant C*-subalgebras X of Co(G) and
compact subgroups H of G:

X =Co(G/H)={feCy(G); Rsf =f VseH},
H={se G Rsf=1f Vie X}

Moreover, H is normal iff X is also right invariant.



Related work

» de Leeuw and Mirkil (1960) considered abelian groups.

» The result of Lau and Losert gives a nice proof of the
Kakutani—Kodaira theorem: every o-compact group G has
a compact normal subgroup H such that G/H is
metrisable.

» Hu (2005) has shown even a more general version of
Kakutani—Kodaira, using Lau—Losert.



Left invariant C*-subalgebras

To imitate the notion of left translation, define
L,a= (p®id)r(a) (ne A,acA).

In the commutative case A = Cy(G), Ls,, where s is the point
mass at s, is just the left translation operator Ls.

A subspace X C Ais said to be left invariant if X is invariant
under operators L, i.e.,

L,x=(p®id)l(x) e X  forevery pin A" and x in X.



Action in the co-commutative case

Suppose that G is an amenable locally compact group.

Cr(G) =C(G)
B(G) = Fourier—Stieltjes algebra
= { (p(-)€IC); p representation of G }

B(G) acts on C*(G):
va:= (u®id)lf(a)=(de u)f(a) (ueB(G),aec C"(Q)).

uais just L,(a) from the definition of left invariance for general
quantum groups.

For f ¢ L'(G),
uX(f) = A(uf)

where uf is the pointwise product.



Dual version of Lau—Losert

Recall the notion of support (due to Eymard) for an element x
in C*(G):

S € supp x <= VU nhood of s, Ju € A(G) with suppu C U
such that (x,u) # 0.

Theorem

There is a one-to-one correspondence between
non-zero invariant C*-subalgebras X of C*(G) and
open subgroups H of G:

X = C*(H) = {x € C*(G); suppx C H},

H={_J suppx.

xexX



Proof

C*(H) is easily seen invariant, and ¢+ SUpp x = H.
Suppose that X is a non-zero, invariant C*-subalgebra of
C*(G). Put

H={seG; \s)e X"}

and note that H is a closed subgroup of G. Define
Y ={xecC*(G); suppx C H}.

We show next that X = Y.

If x € X and s € supp x, then there is a net (u,) in A(G) such
that u,x — A(s) in the weak™ topology. Since X is invariant,
each u,x € X. It follows that s € H, and so supp x C H.
Therefore X C Y.



Proof continued

Lety € Y. Since suppy C H, y € \(H)" by
[Takesaki—Tatsuuma]. But A(H)"” C X", so y € X”. Suppose
that the support of y is compact.

Pick u € A;(G) such that u =1 on a nhood of supp y.
Let X > y, — y weak*, so uy, — uy = y. By invariance,
(uy,) C X. Since supp u C K for some compact K,
supp uy, C K for every a.

Let v € A(G) such that v = 1 on a nhood of K. Since

supp y, supp uy, C K, it follows that, for every w in B(G),
(Ua, W) = (Wa,vW) — (y,vW) = (¥, W).

So uy, — y weakly. It follows that y € co{uy,}. So y € X.

The case of arbitrary y € Y reduces to the compactly
supported case using a compactly supported b.a.i.



Proof continued

If His not open, |H| = 0. Let x € X and ¢ > 0. Choose
f € C¢(G) such that | x — A(f)|| < e. There is open U such that

|U| < ¢/||fllsup and suppfnHC U.
Put g = f1 G\U- Then

[X=A < e+ IAF) =M < e+[f=gll1 < e+[[Fllsup| Ul < 2e.

So x ~ A\(g) and supp g is separated from H.



Proof continued

Let
I(H)={ueA(G); u=00nH}.

Now /(H)* = A(H)" = X" It follows from
[Forrest—Kaniuth—Lau—Spronk] that there is a (completely)
bounded projection P: VN(G) — X" such that

P(ua) = uP(a) (ue A(G),ac VN(G)).

Thereis u € I(H) such that u =1 onsuppfn (G\ U). For
every v € A(G), uv € I(H), so

0= (P(A(9)),uv) = (P(A(ug)),v) = (P(A(9)), V)
Hence P(\(g)) = 0, and so
Ix[F = 11P(x) = P(M@))Il < 2] Plle.

It follows that x = 0 and so X = {0}. We conclude that H is
open.
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