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Quantum group

Let G = (M, T, ¢,) be a (locally compact) quantum group:
» M is a von Neumann algebra

» [: M — M® M is a co-multiplication on M, ie, a normal,
unital x-homomorphism such that

(Freid)r=(de MNr

» ¢ and ¢ are left and right Haar weights.
We denote

L*(@G)=M and L'(G)=M.,.

GNS-construction applied to (M, ¢) gives a Hilbert space,
which we denote by L?(G). We identify L>(G) with its image
under the natural representation on L?(G) and consider
L>(G) € B(L*(G)).



Multiplicative unitary

There is a unitary operator on L2(G) ® L(G) such that
rx)=w@1ex)W (x € L(G))
and satisfies the pentagonal relation

Wio Wiz Wog = Wos Wi».

Define

and C(G) = M(Cy(G)) (the multiplier algebra of Cy(G)).
Co(G) gives the reduced C*-algebraic version of G.



Comparision to yesterday’s notation

» A=Cy(G).
» B = Cp(H) = C(H) is a compact quantum subgroup.
» 7: Go(G) — C(H) a surjective x-homomorphism such that

(7T®7T)|_G = I'Hw.



Dual quantum group

The underlying C*-algebra of the dual quantum group G of G is

Co(B) = {(w @ Q) W: w € BLEG)). } .

L>(G) is the weak* closure of Co(G). Put W = TW*Y so that
the co-multiplication of G is given by
: L®(G) — L®(G)BL>(G)
T(x) = W*(1 & x)W.

It can be shown that there exist Haar weights for Gandso G is
a quatum group.

Pontryagin’s duality holds: G=G.



Duality between commutative and co-commutative
Let G be a locally compact group. Now

—1
VAvg(S’ )=clss7) (€ € 2(Gx G), s,t e G).
W¢(s, t) = E(1s, 1)

Define
wee(X) = (x€1¢),  (xeB(LA(Q)), &,¢ € L(G)).

Then
(id®w§74)W IVIE £

where M, is pointwise multiplication by (x€€A(G) CCo(G).
On the other hand

(we,c @)W = A(&C)

where \(£C) is the convolution by £¢ € L1(G).



Compact and discrete quantum groups

A quantum group G is compact if the C*-algebra Cy(G) is unital.
A quantum group G is discrete if its dual G is compact.

A commutative quantum groups G = G is compact iff G is a
compact group; G is discrete iff G is discrete.

A co-commutative quantum group G = Gis compact iff G is
discrete, and G is discrete iff G is compact.



Co-amenability

A quantum group G is co-amenable if there is a bounded
approximate identity in L'(G). This is equivalent to Co(G)*
being unital and to the existence of a non-zero multiplicative
functional on Cy(G).

All commutative quantum groups and all discrete quantum
groups are co-amenable.

A co-commutative quantum group G = G is co-amenable iff G
is amenable.



Involution on L'(G)

The antipode S: Cy(G) € dom(S) — Cy(G) is a closed,
densely defined operator. For every o € B(L?(G)).,
(d® o)W € dom S and

S((id ® o)W) = (id ® o) W*.

For every w € L'(G), define @ by @(a) = w(a*), a € Co(G).
Following Kustermans (01), define

LI(G) = {w € L'(G); there is n € L'(G) such that
w(S(x)) = n(x) for every x € dom(S) }.
We obtain an involution w — w*: L}(G) — L}(G) by w* = @S.

L!(G) is a Banach *-algebra with respect to the norm
lwll« = max{[lwl], o]}



First lemma

Recall that W € M(Co(G) @ Co(G)), and define
r LI(H) - C(G), 7(w)=(wr®id)W.

When G = G is a commutative quantum group and H = H is its
subgroup,

T(FE(s) = /Hf(h)g(hqs) dh  (feLl'(H),¢ e L?(G)).

Lemma

The map 7 is a -isomorphism from L} (H) into C(G).



Extension to Co(H)

Let U € B(L2(H) ® L2(H)) be the left multiplicative unitary
associated with H.

Since H is discrete (and hence co-amenabile), the universal
C*-completion of L! (H) is just Co(ﬁ). Therefore there is a
«-homomorphism p: Co(H) — C(G) such that

p((w@id)U) = 7(w) = (wr @)W (v € L] (H)).

It follows that
([d®p)U=(rxid)W

in M(C(H) ® Co(G)).



Embedding Co(H) to C(G)

Theorem
The map p is a non-degenerate x-isomorphism from Co(ﬁ) to
C(G) and L

(p@p)lg="Tp.

Proof.
Matrix coefficients of the irreducible unitary representations of
H:

Upg (€1 <p,q<n(a)).
By := span{up,} is a Hopf x-algebra, which is dense in C(H).
For every ain /and 0 < p, q < n(«), there is wg, in L' (H) such
that

Wiy (Urs) = 826508

The functional wg, is in fact in L] (H) because (wg,)* = wg,.



Proof continued

Let R
By = span{wpy; a,p,q} C LL(H).

Then R
Bo = alg- P M-

Therefore Eo has a unique C*-completion:

Co () = Go- D) Min(e).-

Since 7: By — C(G)is a *- isomorphism, it follows from the
uniqueness of the C*- completlon of B that p: Co(H) — C(G) is

a x-isomorphism.
2N
o(H) C(G)




Proof continued

Claim: (p® p)FH =Tp.
For every w € L (H),

o~

Tp((w@id)U) =T ((wr @ id)W) = W*(1 @ (wr @ id) W)W
= TW((wr @ id)W @ 1) W*E
= ¥ ((wr ® id @ id) Wag Wip Wis) T
= ¥ ((wr @ id @ id) Wyo Wig) =

by the pentagonal equation. Since (7 ® id)W = (id ® p)U,

To((w®id)U) = (wr ® id @ id) Wiz W2
= (w ®id® Id)(ld X pX p)U13U12
=(p@p)lu((weid)U).

The claim follows because the elements (w ® id)U with w in
L!(H) are dense in Co(H).



Weak* = strict on C(H)

Since H is discrete, C(H) = L*°(H).
Lemma

The weak” topology and the strict topology agree on bounded
sets of C(H).



Amenability

The quantum group G is said to be amenable if there exists a
state m of L°°(G) such that

m(w @ id)I(x) = w(1)m(x) (w e L'(G), x € L=(G)).
Such a state is called a left invariant mean on L*(G).

G co-amenable — G amenable

[Bedos—Tuset].

? ~
G amenable = G co-amenable

The implication is true when G is commutative [Leptin] or
discrete [Tomatsul].



Co-amenability is inherited by compact quantum
subgroups

Theorem

Suppose that H is a compact quantum subgroup of a
co-amenable quantum group G. Then also H is co-amenable.

Proof.

By [Tomatsu] it suffices to show that H is amenable. Since Gis
co-amenable, G is amenable and so there is a state m of C(G)
such that

m(c ®id)T(x) = o(1)m(x) (0 € L'(G),x € C(G)).



Proof continued

Claim: mp is a left invariant mean on C(]ﬁl) = L“(ﬁ).

Let w EAU (Iﬁl). Since “weak” = strictly”, there is R
o € L'(G) = L(G), such that w = op. Now for every x e C(H)

mp(w ® id)T(x) = m(c ®id)(p @ p)Fu(x)
= m(o ®id)l p(x) = o(1)mp(x) = w(1)mp(x)

because mis left invariant. Therefore mp is a left invariant
mean on C(H) = L°°(H) and so H is amenable. O



