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Amenability of B(E) = K(E) = M,
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Let G be a finite subgroup of invertible elements of M,, such
that span G = M,,.

Set
1
NGPAE
geG
Then
a-d=d-a (ae Mp,)
and Ad = /,.

Hence, K(E) = B(E) is amenable.
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Suppose that E has the approximation property. Then IC(E)
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bounded approximation property.

Example

Let E = ¢?&(?. Then E has the approximation property, but
E* = B(¢?) doesn’t. Hence, K(E) does not have a bounded
approximate identity and is thus not amenable.
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Examples

LP(1) has property (A) for all 1 < p < oo and all p.

C(K) has property (A) for each compact K, as does
therefore L°°(u) for each p.
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Examples

All Banach spaces isomorphic to an LP-space are
LP-spaces.

Let p € (1,00) \ {2}. Then ¢£P(£2) and (2 @ (P are
LP-spaces, but not isomorphic to LP-spaces.



Amenability of
operator
algebras on
Banach
spaces, |l

LP-spaces,




LP-spaces, |l

Amenability of

operator Theorem (|\/| Daws & VR, 20

algebras on
Banach
spaces, Il

Volker Runde




LP-spaces, Il

Amenability of

operator Theorem (M DaWS & VR, 2008)

algebras on
Banach

spaces, |l Let p € [1,00]. Then one of the following is true:

Volker Runde




LP-spaces, |l

Amenability of

operator Theorem (M DaWS & VR, 2008)

algebras on
Banach

spaces, II Let p € [1,00]. Then one of the following is true:

Volker Runds (>(IC(E)) is amenable for every LP-space E with
dim E = oo;




LP-spaces, Il

Amenability of

operator Theorem (M DaWS & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.




LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary




LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary

Suppose that B((P) is amenable for some p € [1,00).




LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary

Suppose that B((P) is amenable for some p € [1,00). Then
(>*(K(E)) is amenable




LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary

Suppose that B((P) is amenable for some p € [1,00). Then
(> (IC(E)) is amenable for every LP-space E with dim E = oo.




LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary

Suppose that B((P) is amenable for some p € [1,00). Then
(> (IC(E)) is amenable for every LP-space E with dim E = oo.

Question



LP-spaces, Il

Amenability of

operator Theorem (M. Daws & VR, 2008)

algebras on
cpace, Let p € [1,00]. Then one of the following is true:
volker fune (>(IC(E)) is amenable for every LP-space E with
dim E = oo,
{>®(KC(E)) is not amenable for any LP-space E with
dim E = oo.

Corollary

Suppose that B((P) is amenable for some p € [1,00). Then
(> (IC(E)) is amenable for every LP-space E with dim E = oo.

Question
Is £°(K(¢? @ ¢P)) amenable for any p € (1,00) \ {2}?
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are € > 0 and a compact set K C G with the following
property: for every irreducible, unitary representation 7w of G on
$ and for every unit vector £ € §), there is k € K such that

(k)€ =&l > €.

Definition

Volker Runde

Examples

All compact groups have property (T), as does SL(3,7Z).

Amenable groups have property (T) if and only if they are
compact.

F, and SL(2,R) are not amenable, but lack property (T).
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Write P for the set of prime numbers.

Let p € P, and let A, be the projective plane over Z/pZ.
Then SL(3,Z) acts on A, through matrix multiplication.
This group action induces a unitary representation
mp: SL(3,Z) — B(£3(Ay)).
Choose S, C A, with |Sp| = ‘A"2|_1 and define a unitary
mo(gme1) € BE2(A,)) via

The setup

ex, AES,,
mp(8mi1)er = { —ei ¢ 5',;.
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\S‘r:a,ce:,” It is impossible to find, for each € > 0, a number r € N with
the following property: for each p € IP there are

gl,ga M,py--- 7§r,pa Mrp € 62(Ap) such that 22:1 gk,p @ Nk,p #0
an

Z fj,p Q Nk,p — (Wp(gj) ® Wp(gj))(gk,p ® nk,p)
k=1

2(Ap)&€(Ap)

r
Z §k,p @ Nk,p

k=1

<e UG=1,...,m+1).

2(Ap)BE2(Ap)
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SL(3,Z) has Kazhdan's property (T).
The non-commutative Mazur map is uniformly continuous.
A key inequality. !:or p=1200, NeN,Se B(@P,Kﬁ,),
and T € B(¢P', (7))

o
ZHS‘E”HE%HT‘E;H% S NISIIT-

n=1

(This estimate is no longer true for p € (1,00) \ {2}.)
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Example
It is easy to see that the following spaces satisfy the hypotheses
of the theorem: ¢, ¢}, and /2.
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For p € P, let P, € B(¢?) be the canonical projection onto the
first |A,| coordinates of the p*' £2-summand of

(P, £%) @ ¢*(P, E).

Set e = (Pp)pecp. Then e is an idempotent in A with

ee = (- P B(*(A,)).

peP
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F = {(mp(gj))per :j=1,...,m+1}.
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,
To(q,n) =D Poak(eq ® en) ® Prbis(e} ® e})
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+ Ppak(eg @ xn) ® P;b,t(e; ® x7)

Note that
To(q, ) € £2(Ap) L% (A).
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Corollary

Theorem (VR, 2009)

Let p € (1,00), and let E be an LP-space. Then B(¢P(E)) is
not amenable.

Proof.
If B(¢P(E)) is amenable, then so is ¢>°(B(¢P(E))) as is
0 (K(¢P(E))). Impossible! O

Corollary
Let p € (1,00). Then B(¢P)
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Amenability of
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algebras on
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spacen 1l Let p € (1,00) and let E be an LP-space with dim E = cc.
WIS Then (>°(K(E)) is not amenable.

Corollary

Theorem (VR, 2009)

Let p € (1,00), and let E be an LP-space. Then B(¢P(E)) is
not amenable.

Proof.
If B(¢P(E)) is amenable, then so is ¢>°(B(¢P(E))) as is
0 (K(¢P(E))). Impossible! O

Corollary
Let p € (1,00). Then B(¢P) and B(LP|0,1])



Non-amenability of B(¢P) for p € (1, 00)

Amenability of
operator
algebras on
Banach

spaces, I Let p € (1,00) and let E be an LP-space with dim E = cc.
WIS Then (>°(K(E)) is not amenable.

Corollary

Theorem (VR, 2009)

Let p € (1,00), and let E be an LP-space. Then B(¢P(E)) is
not amenable.

Proof.
If B(¢P(E)) is amenable, then so is ¢>°(B(¢P(E))) as is
0 (K(¢P(E))). Impossible! O

Corollary
Let p € (1,00). Then B(¢P) and B(LP[0,1]) are not amenable.
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