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T he Fourier-Stieltjes and Fourier algebras
G — loc. comp. grp.
B(G) ={{(n()¢|n) : m: G — U(Hr) w*-cts rep'n}

u € B(G) & u e CB(G) with

Jullg —Sup{‘/ uf' feLia, SUDH/ fﬂ-HB(HW) 1}
< oo, Banach algebra [Eymard]

A(G) = {IN)flg) : f,g € L2(G), ) left reg. rep’'n}
— closed ideal in B(G), spectrum INCE) =G

A(G)* 2 VN(G) = A(G)”
B(G)* 2 W*(Q) = w(Q), B(G) & C*(G)*

H — another loc. comp. grp.

Ques. Struc. homo's ¢ : A(G) — B(H)?
— Will give partial answer.



Affine maps

C C H coset if

r,s,teC = rs 1t e C

Prop. C coset < C~1C,cc—1 groups:
in which case C =sC~1Cc=cCc~1s, VseC.

a.C CH—G, for ¢ a coset, r,s,t e C, is
o affine; a(rs—1t) = a(r)a(s) " ta(t)
S ap salC—>G, fixed sg € C
ap(sgtt) = a(sg) " ta(t) homo.
o anti-affine: a(rs—1t) = a(t)a(s) ta(r)
& ap 3510—>G, fixed sg € C
ap(sgtt) = a(sg) " ta(t) anti-homo.



Prop. C C H open coset
a:C C H— G cts. affine (anti-affine)
= vq . B(G) — B(H)

wau(s) = uca(s)lo(s), s€ H

is a bdd. homo. Also, a affine = ¢4 C.Db.

Pf. Suppose, C subgroup, so « (anti-)homo.

1o(t) = {me(t)dcldc)
o 1 G —UWZ(G/C)) — left quasi-reg. rep'n

u=(m(-)¢n),{&mEeEH tEH
pau(t) = (roa(t)éln) 1o (t) (= (mea(®)€ln) 1o(t))

moa (wo&) : C — U(L2(GR)) cts. rep'n.
vi—v|o: B(H) — B(C) dualises
LI(C) — LY(H) ~ C*(C) — C*(H)

ol WHH) — m(@)", i (a) = (moa)"(Mya) is
C.b. if @ homo., since M; , expectation

If C coset, fix sg in C. For pqu(t) we get

(moag(sy  H)Emoalso)n) Lo(t) = soxlpagul (1)
If o affine dual is c.b. too. []



Mixed piecewise affine maps
Q(H) -coset ring, Q,(H) — open coset ring

a:Y CH—Gis (m.)p.a. if
n

H Y=Y Y;e Q)
i=1
(ii) Vi 3 coset C; D Y; and affine or

anti-affine o; : C; — G s.t. a4ly; = aly;.
If each «; affine, a p.a.

Prop. aa: Y CH — G cts. m.p.a., Y; € Q,(H)
= o B(G) - B(H), pau(s) = uca(s)ly(s)
bdd. homo.; c.b. if « p.a.

Pf. Factor ¢q
R n
B(G) — (1 (n)®B(H), ur Y § ® pau
1=1

n
— B(H), = Y (i ®my)x
i=1

my,u = ly.u. Note: H]'YiHB =1 <& Y, coset. [



The role of graphs

a:YCH—-G, ITqa={(s,a(s)):s€Y} C HxG
Lem. (i) « homo. & [y subgrp.

(ii) a affine & [ coset.

(iii) a p.a. & Tqe QH X G)

Pf. (ii) [y coset = Vr,s,t €Y

(rs tt,a(r)a(s)  ta(t))
= (r,a(r))(s,a(s)) "1 (t,a(t)) € Ma.

Fo graph = a(r)a(s) ta(t) = a(rs—1t).
(i) Iy is a coset containing e.

(iii) Fussier. []

PA(H,G) ={a:Y C H— Gjcts., Y; € Q,(H)}

Ques. Reasonable characterisation o, am.p.a.?



Thm. ([Cohen] G, H abel., [Host] G alm. abel.)
[Ilie-S] G amen. =

Hom_ ,(A(G),B(H)) «~ PA.(H,G)
O )\C_;logﬁ*o’WH on Y = suppp(A(G)))

Yo — «

Pf. (—)
Pae) = Aa(G) = prowy(H) C Ag(G), so a 3.

[Effros-Ruan] A(G x G) =2 A(G)RA(G)
(op. proj. tens. prod.)
[Losert] A(G x G) = A(G) 7 A(G), G not a.a.

[Ruan] G amen. = A(G x GG) has b.a.d. (w;)
1 s=t

Arrange w; € P(GxG), lim; w;(s,t) =
ge w; ( ) zwz(s ) 0 S#t

p C.b. = p®id: A(GRA(G) — B(H)RA(G)

W; = o id(w;) € B(H)RA(G) — B(H x G)
— B(Hd X Gd)



For (s,t) € H x G

- 11t = a(s)

(s, 1) = w; , T '
wi(s,t) = wi(als),t) — {o L als)

= 1r,(s,1)

Bdd. nets in B(Hy; x Gg): w*-conv. = ptwise.
= 1ra e B(Hy x Gp)
= [Host] 'y € Q(HXG)
= (Lem. above) a p.a.
More effort = arrange Y; € Qo(H) & « cts. U

Notes: (i) ¢ c.pos. & o homo.
(ii) ¢ c.cont've & « affine

Cor. G amen., H connect.
= all ¢ in Hom_(A(G),B(H)) c.c.

Cor. G amen.

Hom ,(A(G),A(H)) «~ {a € PA.(H,G) : proper}

Prop. [Forrest-Runde] «(s) = s~ 1
p, C.b. & G is virt. abel. < ¢ p.a.



Thm. [Ilie-Stokke] G amen.

HomY (B(G),B(H)) « {a € PA.(H,G) : open}

Ex. (i) translations
(ii) homeo. between open subgrps.
B(G) % B(Gp)
(iii) B(G/N) — B(G)
(iv) o« : H— G p.a. homeo.
= o . B(G) — B(H) w*-cts. c. isomor.

Thm. [Pham]
G amen., ¢ : B(G) — B(H) c. isomor.
= = wq, . H— G p.a. homeo., & H amen.



Spine of B(H)

(Map, H*P) — almost periodic comp’'n, 7 - topol.

3 |.c.grp. G, cts. homo.
Top(H) ={7Cr1yg: n:H—>Gst r=n"1(g)
& Tap CT

T V1o =6 (11 x72), 6(s) = (n1(s),m2(s))
Tap(H) semi-lattice, unit 74p, ideal g

Thm. Let A (H) = A(Q)on; if 1 =n"1(13)

(i) Ary(H)NAL(H) = {0} if 71 #& 1 in Tgp(H)

(i) Ary(H)Ar(H) C Arpvr(H)

(iil) A*(H) = 1@, e, (1) Ar(H)
Tap(H)-graded subalg. of B(H)

Thm. (i) Idem(B(H)) = {u: u? =u} C A*(H)
(i) @ € MPAL(H,R) = ¢o(A(G)) C A*(H)

Note. (5A*>¢A*(H)) semi-top’'l comp’'n of H
(eas Paxm)) < (€e, G°) - sub. to Eberlein comp’n

Conj. A*(H) largest regular subalg. in B(H)



When G not amenable

Thm. [Leinert, Bozejko-Fendler]
G discrete, E C G inf. free set
= 1lp € Mch(G).

Consequence. u — lpu: A(G) — A(G) c.b.
mi, = Pa, a. B —d

E ¢ Q(G) since 15 ¢ B(G)

= o hot m.p.a.

m1, does extend to Hom(B(G), B(G))



A discretisation procedure

Lem. [Pham] Let ¢ €¢ Hom(A(G),B(H))

Y = suppp(A(G)), a = A@logo*owH SO ¥ = Yq.
Then pa(A(Gy)) C B(Hy).

© pos. (i.e. pres'ves pos. def.) = ¢Q|A(Gd) DOS.

Pf. Ac«(G,) dense in A(Gy).
Typ. elem. of AC(G)H-HB§1:

u=(Ag, (") S0g aids;| S0y Bidy, )
wh. ¥ Ja;? = S0 6% < 1, each s;,t; € G

Let ()i CC, ey € (z)7, C H sat'y

> mewn(zy) < 1. (*)
k=1 C*(Hy)
Dual pairing:
Y ez =1 > > Wkaiﬁﬁsit_—l(a(xk))
k=1 €Y i,j=1 J




Let V nbhd. of e be so
vv—1in {si_loz(a:k)tj} = {e}.

Let

v = m(lv) <>\G(')i; a;lgy| Zlﬁiltiv> € A(G)

1=

50 [|vflg < 1.

m
el > le(llg > | > vpuoa(zy)
k=1

a:k_GY

— Z Z ’kaéq;Bj(SSit;l(a(mk))

rreY 1,7=1

Take sup over (x), on right; then SUPueA(Gy),|Jullg<1

= llell > ealaceyl|

Positivity is checked similarly. L]



Thm. [Pham]
0 € Hom(A(G),B(H)) pos., ¢ = pq
= Y open subgp. & o« homo. or anti-homo.

Sketch. ¢ homo. = p(wy(H)) C A\g(G)
@ POS. = ¢* pos. = p*(wy(ey)) = Ag(eq)

Also p(u)(s™1) = p(u)(s) = uea(s) = u(a(s)~1)
=Y 1l=Y & a(s1) =a(s) 1.

Claim. s,t €Y, {a(st),a(ts)} = {a(s)a(t), a(t)a(s)}.
For a,3 € C let
a5 = awy(s)+Bwy(t)+awy (s~ ) +Boy(t™1).

Kadison's ineq.: go*(aaﬁ)z > go*(agﬁ). (1)
Trick: Re[a2a+ 32b+ aBc+abd] > 0 Va, 3 in C
= a,b,c,d=20

Expand out QO*(CLQ’B)Q —gp*(agjﬁ) >0 in VN(G).

Consed. o~ 1(en) cl. norm. subgrp. in Y



Hp = Y/oz_l(e(;) ~ aq: Hy — G, Gg := a(Y)

p = vagla(Gy ) P AlGod) — B(Hoq),
a bijec. = p(A(Goq)) C A(Hg g)

For a,b in spaniy, ,(Hg4) compute that

p*(ab) + p*(ba) = p*(a)p*(b) + p*(b)p"(a)

— Jordan x-homo., extend to VN(Hg 4)
[Kadison] p* isomet’'c & onto, hence p isomet'c
[Walter] = «ag isom. or anti-isom.

= « homo. or anti-homo. L]

(1) Kadison’s inequality:

1 pos. on C*-alg. A, aa®* = a*a in A

) = ¢|9|g(a,a*) is c.p. as alg(a,a*) abelian.
Thus ¢ is 2-pos. and Kadison ineq.

(a)*p(a) = P(a)*P(a) > ¢(a*a) = ¢(aa)

IS easy.




Thm. [Pham] ¢ €¢ Hom(A(G),B(H)) cont've
= © = pa, « affine or anti-affine

Pf. Y = suppp(A(G)), a = A\ top*owy

Fix sp in Y, ag : 55 Y — G, ag(sgtt) := a(sg) ~La(t)
apley) = eq & pay € HOM(A(G), B(G)) cont.
If u e A(G) pos.

lullg = llpag(wllg = ueag(eq) = uleq) = |lullg
= @Yag(u) = ¢ pos. N

Cor. p € Hom(A(G),A(H))
o(A(G)) sep. points = ¢ onto

Cor. ¢ : A(G) — A(H) cont. isom. = ¢ = @q,
a affine of anti-affine homeo.

Gen. form of cont've homo.:

A(G) 1% A(G) :e_%t-d A(Go) — A(Ho/K)
close

t :
— A(Ho) 2. A(H) S A(H)



Questions
(i) General form of o € Hom(A(G),B(H))~
(i") When G amenable?

(ii) General form of ¢ € Hom_ ,(A(G),B(G)),
when G not amenable?

(ii") When G a non-abelian free group?
(iip) What are Idem(M_,A(G))7

[Forrest-Runde] Contractive u € Idem(M_ A(G))
iSs u= 1, where C is a coset.
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